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ABSTRACT

The purpose of this report is to give a quantitative evaluation of
the improvement in reliability which can be achieved in a digital system
by the use of redundancy and restoring organs.

Three measures of reliability are considered:

1. The probability of system survival P(T) for a given mission
time T. )

2. The mean time to failure for the system; MTF =f P(t) dt.
0

3. The useful life T of the system. T is defined as the
maximum mission time for which P(T) Zéi—A.

Two types of restoring organs, majority vote takers and adaptive
vote takers are considered.

For the case of majority vote takers simple expressions have been
developed for the approximate relationships between the amount of
redundancy, the number of vote takers, and the corresponding improvement
in system reliability. The analysis includes the case of redundant
nonperfect vote takers, and the optimum number of imperfect vote takers
(of known reliability) to be used in any system has been established.

For the case of perfect vote takers in a highly redundant system,

we find that the system MTF and T increase almost proportionally

with the number of vote takers empf;yed. The expressions developed in
the text can readily be used to evaluate the trade-off between the amount
of redundancy and the number of vote takers required to achieve a

desired improvement in reliability.

Furthermore, we have investigated the improvement in reliability
which can be achieved by using adaptive vote takers as the restoring
organ.

For systems of redundancy higher than three the adaptive vote
taker is a more efficient restoring organ than the majority vote taker.
Hovever, we find that the reliability which can be achieved in a redundant
system by using a given number of adaptive vote takers can often be
equalled or exceeded by using about 10 times as many majority vote takers.

At the present time, there is no simple technique for realizing adaptive
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vote takers, whereas majority vote takers with up to about 9 inputs are
relatively easy to implement. Thus, for the time being the use of
majority vote takers appears more practical than the use of adaptive
vote takers.

It is concluded that while the use of redundancy and restoring
organs can substantially increase the MTF of a digital system, the
technique is much more effective in increasing the useful life TA
(for A< 1) of a system. Thus, this technique will be most useful

in the case of a system that must operate with an exceedingly small

probability of failure for a relatively short period of time.
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q,(t)

q,(t)

p,(t)

1]

1-p_(t)

1-q (t)

EXPLANATION OF SYMBOLS

the probability that a system or a circuit is
operating properly. p 1is used for individual cir-
cuits and for single-stage systems. P is used for
systems containing m stages, where m usually is
greater than one. Whenever we want to emphasize that
P depends on time, we will write P(t). A set of
subscripts on P or p 1is used to distinguish
between various cases as is indicated in detail
below,

the probability that a circuit or a system has
failed. (Once a circuit has failed, it is assumed
to remain inoperative.) The same comments as stated
above for P apply to Q.

each majority group contains (2n+1) identical
circuits,

the number of stages contained in a system using
ma jority vote takers (also the number of nonredundant

ma jority vote takers)

the number of stages in a system using adaptive vote
takers

the optimum number of stages for a system using
redundant unreliable majority vote takers

failure rate for a nonredundant circuit (or subsystem)

failure rate for a nonredundant system containing m
circuits (or m subsystems)

failure rate for a majority vote taker

probability that a circuit will operate successfully
from time O to t assuming that the circuit
operated properly at t = 0

probability that a circuit failed in the period
0 to t

probability that a majority group containing (2n+1)
circuits failed in the period 0 to t
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EXPLANATION OF SYMBOLS (Continued)

l-Qo(t)}
l—Qn(t)}
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probability that a nonredundant system containing
m circuits failed during the period 0 to t

probability that a redundant system containing m
majority groups each with (2n + 1) identical
circuits failed in the period 0 to t

probability that an adaptive majority group
containing (2n + 1) circuits failed in the
period O to t

probability that a system centaining m adaptive
majority groups each with (2n + 1) circuits will
fail in the period 0 to t

probability that a majority vote taker will fail in
the period 0 to t

that period of time for which a nonredundant system
can operate with the probability of system failure
being less than or equal to A (A << 1)

that period of time for which a system containing m
majority groups each with (2n + 1) circuits can
operate with the probability of system failure being
less than or equal to A

lower bound on the mean time to failure (MTF) for a
redundant system
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I. INTRODUCTION

The purpose of this report is to give a quantitative evaluation of
the improvement in reliability which can be achieved in a digital system
by the use of redundancy and restoring organs.

Two types of restoring organs are considered, and the relative
merits of these organs are discussed. The types of restoring organs
being considered are majority vote takers (MVT) and adaptive vote
takers (AVT).

A, THE FAILURE MODEL

In this report we are primarily concerned with the effect of circuit
failures on system performance. Ideally, the output from a properly
operating digital circuit is completely determined by the preceding
sequence of input digits, whereas the output from a circuit that has
failed is indepehdent of the input to the circuit. In a practical
situation a circuit will usually be close to one or the other of these
two conditions; that is, a circuit will generally either have an error
rate which is many orders of magnitude less than 1 or an error rate in
the order of J4.

It is assumed that a failed circuit can only be restored to proper
operation by being repaired. We shall find it convenient for part of
the analysis to assume that a failed circuit always gives the comple-
ment of the desired output. The implications of this assumption are
discussed in Chapter II where it is pointed out that this assumption
will lead to a pessimistic estimate of the improvement in reliability
to be achieved by the use of redundancy and restoring organs.

It is furthermore assumed that the circuit failures are independent,
and that the number of circuit faiiures in a given length of time is
Poisson distributed. It can be shown [Ref. 1] that this in general is

the failure distribution to be expected in large electronic systems.

B. REDUNDANCY AND MAJORITY VOTE TAKERS

One technique for improving the reliability of a digital system
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containing m digital binary subsystems (or circuits) is to replace
each subsystem by a group of 2n + 1 identical subsystems which have
the inputs connected in parallel. The binary outputs from such 2n + 1

" so that the overall output

circuits are fed to a "majority vote taker,
from the group of 2n + 1 circuits will be that output shown by the
majority of the circuits (Fig. 2.6). Such a group of identical binary
circuits plus associated "vote taker" is referred to as a "majority
group." It is seen that a majority group will give the desired output

if more than half of the (2n + 1) circuits in the group show the
correct output.

A number of recent papers have investigated various aspects of the
use of redundancy and majority logic for improving the reliability of
digital systems. [See for example Refs. 2-6.)

In Chapters II and III of this report we investigate the improve-
ment in reliability which can be achieved by dividing a digital system
into m circuits (or subsystems) and replacing each circuit by 2n + 1
identical circuits followed by a majority vote taker. Simple expressions
are developed for the approximate relationships hetween added system
complexity (1.e., the amount of redundancy and the number of vote takers)
and the corresponding improvement in system reliability. These simple
relationships expressing quantitatively the trade-off between system

complexity and system reliability are believed to be new.

C. REDUNDANCY AND ADAPTIVE VOTE TAKERS

For a fixed amount of redundancy (greater than 3) and a fixed number
of vote takers, the reliability of a system can be further improved if
the majority vote takers are replaced by adaptive vote takers. By com-
paring the output from each individual circuit with the output from the
vote taker, it is possible to estimate the error rate for the individual
circuits. An optimum voting procedure can then be established in which
the most reliable circuits carry more weight in the voting than the less
reliable circuits. In its simplest form the adaptive vote taker gives
either weight one or weight zero to a circuit; that is, initially all
circuits carry the same weight, until the error rate ot one circuit

increases beyond some threshold level, in which case that circuilt is
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eliminated from the vote taker. The adaptive vote taker will thus

eliminate the circuits as they fail, and the "adaptive majority group"

may then operate as long as at least two circuits in the group are

operating properly. The reliability which can be achieved by this

technique is investigated in Chapter IV,

2)

MEASURES OF RELIABILITY

Three measures of reliability for a digital system are considered:
Reliability of a system is frequently defined as the probability
P(t) that the system will work successfully (i.e., without
failure) for a given mission time t, assuming that the system
was operating at the start of the mission. P(t) is referred to
as the probability of survival. Q(t) = 1 - P(t) is then the
probability that the system will fail in the given period of time
t. The improvement in reliability of a system employing redundancy
relative to the reliability of the nonredundant system can then be

defined as

probability of survival for redundant system _ pn(t)
probability of survival for nonredundant system Po(t)

(1.1)

Iy(t) =

Alternatively, the im) rovement could be expressed in terms of the

probability of failure for the two systems:

probability of failure for nonredundant system
probability of failure for redundant system

1-P(t) Qft)
S 1-P(t) = Q_(t) (1.2)

I,(t) =

The mean time to failure (MTF) of a system may be taken as the
o0

measure of system reliability. By definition MTF =f P(t) dt;
0

the relative improvement in reliability obtained by the use of

redundancy can then be expressed as
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1. = MTF for redundant system (1.3)
3 7 MTF for nonredundant system )

3) As a third measure of system reliability we define "the useful life"
TA of a system to be the longest mission time for which the proba-
bility of survival is greater than or equal to 1 - A, Alternatively,
we may say that TA is the longest mission time for which the
probability of failure is no greater than A. It follows that

Q(TA) =A and Q(t) =1-P(t)<A forall t< Ty

The corresponding improvement factor is defined as

TA for the redundant system n

T
1, (2) = TA for the nonredundant system =7 (1.4) -

&

E. OUTLINE OF REPORT - RESULTS

In Chapter II we consider a redundant system using m perfect
majority vote takers as the restoring organs.

We first derive expressions for the probability of survival P(t)
and the probability of failure Q(t) as a function of time. Curves of
P(t) and Q(t) arc given for various values of m and n (m vote
takers, 2n + 1 redundant circuits).

Next we derive approximations for T when A<< 1, T is given in

terms of the MTF for the nonredundant syﬁkem and as a functfzn of the
number of vote takers and the amount of redundancy.

Finally, we establish lower bounds on the MTF for the redundant
system. These bounds are given in terms of the MTF for the nonredundant
system and are functions of the amount of redundancy and the number of
vote takers.

We find that the introduction of redundancy changes the shape of
the function P(t) significantly. For the nonredundant system, P(t)
changes gradually from one to zero, as t increases. For a redundant

system, P(t) tends to be either close to one (for small t) or close
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to zero (for large t), with a relatively steep transition between these
two regions (see Figs. 2.3, 2.4, 2.7 and 2.8). As the amount of
redundancy is increased, the separation of P(t) into two regions,

close to one and zero respectively, becomes increasingly more pronounced.
For systems with large redundancy, the time TA’ for which the
probability of survival is close to one, will therefore be close to the
MTF,

In the case of perfect vote takers we find that TA and the MTF
increase with the number of vote takers as mn/n+1 (m being the
number of vote takers and 2n + 1 being the number of redundant cir-
cuits.) Thus, TA and the MTF will, in a system with large redundancy,
increase almost proportionally with the number of vote takers.

Tables 1 and 2 give examples of the improvement in reliability to
be achieved by the use of redundancy and majority logic. For example,
the relative increase in MTF obtained by using a redundancy of 5 and
m = 100 vote takers is found to be 8. For m = 1000 the relative
increase in MTF would be 39 (with a redundancy of 5).

The relative increase in useful life TA which can be achieved by
this technique is much more impressive. For example, if the permissible
probability of failure is A = 10—2, then with a redundancy of 5 and
with m = 100 vote takers, a relative increase in TA of 215 times
will be achieved. Under the same condition, if m = 1000 the relative
improvement in T, would be 1000 times. For a smaller value of A

A

the relative increase in TA

is proportional with (1/A)

would be still greater, since the relative
increase in TA n/n+1.

In C. apter III we consider the case of non-perfect majority vote
takers. We first establish a condition on the failure rate of the
majority vote taker relative to the failure rate of the system in order
that the vote taker can be considered ideal.

In the case when the vote takers cannot be considered ideal the use
of redundant vote takers is suggested. The expressions derived in
Chapter II for TA and for the lower bound on the MTF are modified in
Chapter III to include the effect of unreliable redundant vote takers.

As one would expect it is found that the system reliability decreases

if too many unreliable vote takers are inserted in the system. An
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expression for the optimum number M of unreliable vote takers to be
used in a given system is established. It is concluded that in most
situations we will be limited by practical considerations to use far
fewer than M vote takers. It should be pointed out that the optimum
number of redundant vote takers to be used does not depend on which of
the 3 measures of reliability is used. On the other hand, the condition
for a vote taker to be considered ideal depends strongly on the measure
of reliability that we use.

For a given system the expressions developed in Chapters II and III
permit a simple quantitative evaluation of the trade-off between system
complexity (i.e., equipment redundancy and the number of majority vote
takers) and system reliability.

It is found that redundancy and majority vote takers can be used
to substantially increase the MTF of a large digital system; that is a
system which can conveniently be divided into a large number of binary
subsystems. Furthermore, it is found that this technique is much more
effective in increasing that period of time for which the probability
of system failure is close to zero. Thus, this technique will be most
effective in the case of a system which must opercte with a very small
probability of failure during a relatively short mission time.

In Chapter IV we consider the use of adaptive vote takers as the
restoring organ in a redundant system. We establish expressions for the
probability of failure Qna(t) for a redundant sys.em using adaptive
vote takers, Curves showing Qna(t) as a function of t are given for
redundancy in the range 5 to 65,

Finally, the reliability achieved in a redundant system by using
adaptive vote takers is compared with the reliability achieved by using
ma jority vote takers. We find that under a wide range of conditions the
use of approximately 10 MVT's instead of each AVT will result in a
system of superior reliability.
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II. MAJORITY LOGIC WITH PERFECT VOTE TAKERS

In this chapter we consider a redundant digital system containing
m restoring organs; each restoring organ being a perfect infallible
majority vote taker.

We derive expressions for the probability of survival P(t) and
the probability of failure Q(t) for a redundant system containing m
majority vote takers. Plots of P(t) and Q(t) are given for a wide
range of m and n.

Next we derive an approximation for "the useful life" T, (A<< 1)
as a function of a) the failure rate of the corresponding nonredundant
system, b) the redundancy of the system, c) the number of vote takers
used, and d) A. This approximation (2.22) is useful for evaluating
the trade-off between the amount of redundency and the number of vote
takers required to achieve a desired reliability.

Furthermore, we establish lower bounds on the MTF for the redundant
system, and finally, we compare the reliability for the nonredundant
system with that of the redundant system in order to determine the
improvement achieved by the use of redundancy and majority logic.

Expressions for the improvement in reliability are given in (2.24)
and in (2.32). Numerical values of the reliability improvement for a

wide range of n and m are given in Tables 1 and 2.

A. MAJORITY LOGIC WITH ONE PERFECT VOTE TAKER - THE MAJORITY GROUP

First, consider a nonredundant binary system as shown in Fig. 2.1A.
This system has a binary input and a binary output. If the system is
working properly, the output at any time will be 1 or O depending in
some specified way on the sequence of inputs up to that time. Let P,
denote the probability that the system is operating properly, and let
q° =1 - po be the probability that the system is not operating properly.
In the following we are going to assume that when the system is not
operating properly it has as an output the compliement of the correct output.
(The implication of this assumption is discussed in connection with

formula 2.3 below. )
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INPUT BiNARY ouTPUT

0OR | DIGITAL CIRCUIT 0 OR’I

A. Nonredundant digital circuit

r- BINARY DIGITAL
[ CIRCUIT
|
2n+1 et | 2 :“;:"T
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CIRCUITS 00k |
[ ]
°
L_ 2n +l

B. Majority group

FIG. 2.1. NONREDUNDANT DIGITAL CIRCUIT AND CORRESPONDING
MAJORITY GROUP.
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Next consider the system of Fig. 2.1B. Here a number of systems
identical to the one shown in Fig. 2.1A are driven in parallel; i.e.,
they all receive the same input. If they were all operating properly,
they would all produce the same binary output. The output from the
overall system will be determined by a "majority vote taker"; that is,
the overall system will give the output which is given by the majority
of the individual circuits. This means that the overall system will
give the correct output when less than half of the individual circuits
have failed.

If the probability of failure for the individual circuits is qo,
then the probability that exactly i circuits out of 2n + 1 circuits
will have failed is

2n+1) i 2n+l-i (2 1)

Probability (exact i failures) =( £ |9 P,

where
2n+1 2n+1)! 2n+1
= ——{—————Z—y— = 2.2
( i ) i!t(2n+1-1)! (;n+1-1) ( )

It is then seen that the probability of failure qn for the overall
"majority group" shown in Fig. 2.1B will be

2n+1

2n+1 2n+l1-1 i

i=n+1

assuming an ideal vote taker,.

Equation (2.3) is based on the assumption that all the circuits
which have failed give the complement of the desired output. If the
digital output is represented, for example, by an analog voltage (e.g.,
one corresponds to +10 V and zero corresponds to -10 V), then it
would actually be more realistic to assume that when the digital system
has failed then the output may be anywhere between "zero” and "one"
(e.g., between -10 V and +10 V). Under that assumption it may be

possible to have more than n circuit failures and still achieve the
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correct output. It is, however, unlikely that the majority group will
be consistently correct when more than n circuits have failed (if n
is small). The assumption that a circuit which has failed shows the
complement of the desired output is thus a "worst case" assumption, and
the probability of failure which we find for the redundant system based
on this assumption will, if anything, be too large.

The probability of success {no failure) for the majority group is

2n+1 i 2n+l1-i
(“ )q P =1-aq (2.4)

pn = i o "o

n
i=0

Figure 2.2 shows P, as a function of qo for various values of n.
It is seen from Fig. 2.2 that when qo < % the majority group has a
probability of success P, which is greater than that of the individual
circuit. For values of qo > % the probability of success for the
majority group is less than that of the individual circuit.

Next we will investigate the probability of failure as a function of
time. We will assume that the circuit failures are independent and that
the number of circuit failures in a given length of time is Poisson
distributed. It can be shown [Ref. 1] that this failure distribution
in general is to be expected for a large system, i.e., a system containing
many components.

It then follows that the time between failures will be exponentjally
distributed, and we can write the following expression for the proba-
bility P, that a specific circuit has not failed in the time period
0 to t:

Py = P (t) =e " =1-q(t) (2.5)

where A is the failure rate and l/k is the MTF for the type of
circuit in question. We will also refer to po(t) as the probability
of survival.

Inserting this expression for po(t) into the expression (2.4) we
find pn(t) the probability of survival for a majority group as a

function of time:
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Pn(t) - z <2n<;1) (1 - e—Xt)i (e-Xt)2n+1-1 (2.6)

i=0

Figure 2.3 shows p, versus time for various values of n.

Recall that the mean time to failure for the system is given by

o0

MTF =£ p(t) dt

. 2+
4 “h=p,  Cn): ! FOR gy << |

0 0.5 1]
%

FIG. 2.2. PROBABILITY OF SUCCESS p, FOR A MAJORITY
GROUP CONTAINING 2n + 1 CIRCUITS, SHOWN AS A
FUNCTION OF THE PROBABILITY OF FAILURE q, FOR THE
INDIVIDUAL CIRCUIT.
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It is then seen from Fig. 2.3 that the MTF of the system actually
decreases as n increases, and in the limit as n - o the MTF of the
majority group is 0.69 times the MTF of the nonredundant circuit. How-
ever, it is also seen that for large n the probability of failure is
either very small (namely, when t < l/K 0.69) or close to one (when
t>1/\ 0.69).

Introducing (2.5) into (2.3) we get

2n+1
qn(t) - EE: (2n;1> (1 - e-Xt)i (e-\t)2n+1-1 (2.7)

i=n+1

Figure 2.4 shows qn(t) as a function of At for n in the range O
to 32. Note how the steepness of the curves increases with increasing
redundancy.

To explore the behavior of qn(t) in the range where the probability
of failure is much smaller than one we expand the expression for qn(t)

around t = 0 and drop all higher order terms. We find

. 2n+1 n+l
Q, = ( n) a, when q, << 1 (2.8)
and
At

a, = (1 - po) =1-e 2\t when At<<1 (2.9)

so that
2
q (t) 2 (":1) O™l for At << 1 (2.10)

Figure 2.5 shows qn(t) vs At for At << 1 and for 0 < n < 4.

B. MAJORITY LOGIC WITH m PERFECT VOTE TAKERS

In the following we shall investigate the improvement in reliability
which can be achieved if several restoring organs (majority vote takers)

are used within the redundant system. Consider the nonredundant system

- 13 - SEL-63-134
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FIG. 2.5. PROBABILITY OF FAILURE q,(t) FOR A MAJORITY
GROUP, SHOWN AS A FUNCTION OF t FOR At << 1,
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of Fig. 2,6A, Let the failure rate for this system be L. If we think
of this system as consisting of m (equal-sized) subsystems, then the

failure rate of each subsystem will be

A=

sic

(2.11)

Thus, if the system is divided into a large number of subsystems,
then the failure rate of each subsystem will be much less than the failure
rate of the overall system. Correspondingly the probability of survival
for each subsystem will be considerably closer to one than the proba-
bility of survival for the overall system. Note that L, the failure
rate for the overall nonredundant system, is fixed, whereas \, the
failure rate of the subsystem, depends on how small a portion of the
system is considered a subsystem.

The probability of survival for the nonredundant subsystem is

b, (t) = oM e-(Lt/h)

The probability of survival for the overall nonredundant system is

P (t) =lp (t) Pt L L Q (t) (2.12)

Figure 2.6B shows a redundant system in which each of the m subsystems
has been replaced by a majority group. The probability of survival for
this system is, by (2.6):

P,(t) = [p ()" ={ ) (2“11) L2ty s 1o (1) (2.13)

qO o
i=0

where

SEL-63-134 - 16 -
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Polt)  [p(t)Im oLt - g-mit woL

A, Nonredundant digital system containing
m subsystems
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L
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o |
L > —
-
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MVT:  MAJORITY VOTE TAKER

B. Redundant digital system containing m majority vote takers

FIG., 2.6. NONREDUNDANT SYSTEM AND CORRESPONDING REDUNDANT SYSTEM
CONTAINING m MAJORITY VOTE TAKERS.
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Figure 2.7 shows Pn(t) as a function of t for a few values of n
and m. The advantage of using a large number m of vote takers is
readily apparent from these curves,.

In the limiting case of n — o the MTF of the redundant system is

MIF £ 0.7 T 2 0.7 = \ (n— =)

b L

thus, in this limiting case the MTF increases proportionally with the
number m of vote takers in the system,

Figure 2.8 shows Qn(t) vs Lt for a wide range of m and n.
The fully drawn curves represent the exact form of Qn(t) as given by
(2.13). The dotted curves represent the apvroximation for Qn(t)
developed in (2.16) below.

Note that for Qn(t) << 1 the steepness of the curves are deter-
mined by the amount of redundancy in the system and is virtually inde-
pendent of the number of vote takers. The higher ihe redundancy, the
steeper is the curve for Qn(t). On the other hand, increasing the
number of restoring organs (vote takers) in the redundant system tends
to move the curve for Qn(t) further to the right, thus improving the
reliability of the system.

C. RELATIVE INCREASE IN TA ACHIEVED BY THE USE OF REDUNDANCY AND

PERFECT MAJORITY VOTE TAKERS

For many applications a computing system will only be useful during
a period of time for which the probability of systems failure is much
less than one. We therefore define the "useful life" TA of a system
to be that period of time for which a system can operate with the
probability of failure being less than A where A 1is much smaller
than one. (See Fig. 2.3). 1In this section we will derive a simple
relationship between m, n, and TAn; and we will evaluate the
improvement in reliability achieved by the use of redundancy and majority

logic in terms of the ratio of T

An for the redundant system to T

Lo
for the nonredundant system.

SEL-63-134 - 18 -
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FIG. 2.7. PROBABILITY OF SURVIVAL P,(t) FOR A REDUNDANT DIGITAL
SYSTEM USING m MAJORITY VOTE TAKERS.
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If qn(t) is the probability of failure for a single majority group,
then the probability of failure for a system containing m majority

groups is
m ,
Q(t) =1-[1-aq/(t)] (2.14)
from which it follows that

Qn(t) 2 mqn(t) if mqn(t) <«< 1 (2.15)

inserting the expression (2.10) in (2.15) we next get

At << 1 l/n+1

. 2n+l n+l 1l
Qn(t) Zm (n ) (At) if or if A << |go -
» mqn(t) << 1 n

(2.16)

and by equating Qn(t) with A

o () (bm)™

from which it follows that

(2.17)

e
>

1/n+1 L 1/n+1

T, * % -(7%5 . (2.18)
n
under the conditions that
AT, << 1 as required by (2.10) (2.19)
and
A< 1 as required by (2.15) (2.20)

-27 - SEL-63-134



The condition (2.19) can be written as

A /o1

T <1
(Zn:I)m (2.21)

next inserting A = L/m into (2.21)

AXK 1
1/n+1
1] A n/n+1 1/n+l
2 = | .2
Ton = T|f2ne1 m |l _a / <« 1 (2.22)
n (2n+1)
m
n
From (2.22) it is seen that when n > 0 then TAn increases with the
number m of vote takers, and if n >> 1 then TAn increases almost
proportionally with m., Also, if n >> 1 then TAn does not depend

very strongly on A when A << 1. For the nonredundant system, n = 0,

T 2

o A if AL (2.23)

i

To evaluate the relative increase in useful life TA achieved by

the use of redundancy and majority logic consider the ratio

Thn | 1 1/n+1 n n/n+l
N N .20
< Em G

Note that Rl increases "almost proportionally" with m for large n.
Also note that R, is proportional with (l/A)n/n+1. This means that
redundancy and majority logic is particularly effective in the case
when we require that the probability of failure Q(t) be very small

during the mission time of the equipment; i.e., if we require A <1,

SEL-63~134 - 28 -



From the curves of Fig. 2.8 it is seen that the approximate expres-
sions developed above lead to values of TAn which tend to be smaller
than the actual value of TAn' Thus, the improvement factor R; as
given by (2.24) will be too small for large A. [The largest error
results from approximating p° by 1 when going from (2.3) to (2.8).)

In Table 1 is shown R; for various values of n and m/A.

TABLE 1. RELATIVE INCREASE R; IN "USEFUL LIFE" T ACHIEVED BY THE
USE OF REDUNDANCY AND MAJORITY LOGIC

) 1/n+1 R; for R, for R, for R; for LTAn for LTAn fo
2n+1 (Eﬁiij' % = 102 % = 10°% % = 104 % = 10°% m=1 . m=1oo_:
A= 10 A= 10
1 - 1 1 1 1 0.001 0.001
3 0.58 5.8 18 58 180 0.018 0.18
5 0.46 10 ‘ 46 | 215 | 1000 0.046 1.0
7 0.41 13 73 410 2300 ' 0.073 2.3
9 0.38 15 95 600 3800 0.095 3.8
11 0.36 17 114 780 5300 0.114 5.3
13 0.35 18 129 930 6700 0.13 6.7
15 0.33 19 . 140 1060 7800 0.14 7.9
17 0.33 20 151 1170 9100 0.15 9.1
19 0.32 20 160 1270 10100 0.16 10.1
21 ©.31 21 166 1360 11000 0.17 11
33 0.29 22 195 1700 14900 0.20 15
65 0.27 24 222 2080 | 19400 | o0.22 19

If the failure rate of the nonredundant system is known, then TAn

can be found from Table 1 by

eI>

D. RELATIVE INCREASE IN MTF ACHIEVED BY THE USE OF REDUNDANCY AND
PERFECT MAJORITY VOTE TAKERS

An important property of a system using redundancy and restoring
organs is the shape of the curve Pn(t) versus time.
By differentiating Pn(t) as given by (2.13) with respect to t
we find that
- 29 - SEL-63-134




d
3t Pn(t)l =0 when n>0
t=0
4dp (t) =L when n=20
dt o
t=0

Thus, initially, Po(t) will decrease at a rate L whereas Pn(t)
will have zero rate of decrease at t=0.

From Figs. 2.7 and 2.8 it is seen that for a highly redundant system,
n>>1, Pn(t) will be close to one or zero for most values of t.

TAn will therefore be a useful lower bound on the MTF for a system with
high redundancy. (As noted in connection with (2.22) TAn does not
depend very strongly on A when n >> 1,)

In Appendixes 1 and 2 we have developed somewhat mcre complicated
expressions for a lower bound on the MTF for the redundant system. The
expressions developed in the Appendixes are useful even in the case of
low redundancy.

If we use TAn as a lower bound on the MTF we find for the redundant

system

1/n+l
1]_2 n/n+l
MTF > & |55 m A<< 1 (2.27)
n
n/n+1
MTF > = K;(A,n) m A<l (2.28)

where l/L is the MTF for the nonredundant system and where

A 1/n+1

(EEEE}

(2.27) and (2.28) are valid ui der conditions (2.20) and (2.21).

Kl(A’n) =

Using the results of Appendixes A and B we get

. mn/n+1

MTF > % Ka2(n) (2.29)

SEL-63-134 - 30 -



where

1/n+1
= |3 1 231 .91 98 1
Ka(n) = |5 JomT (1 2n+2 ' 82043 186 3n+4)f°" n>1
n (2.30)
and
Ka{n) = 0.45 for a = 1
(2.31)

Table 2 gives values of K,(n) and K;(A,n) for various values of n

and A,
1t is seen that (2.28) and (2.29) are fairly close for large values

of n, whereas (2.29) is significantly better than (2.28) for small

values of n.
From (2.29) it is seen that the relative increase in MTF obtained
by the use of redundancy and majority logic is bounded below by

I(m,n) = Kz(n) - nn/nel (2.32)

Table 2 gives I(m,n) for a few values of m and n.

TABLE 2. LOWER BOUND I(m,n) ON THE RELATIVE INCREASE IN
MTF OBTAINED BY THE USE OF REDUNDANCY AND MAJORITY LOGIC

2n+1 Ki1{A,n) Ki{4,n) Kz(n) 1(m,n) I(m,n)
o= 1/10 A = 1/100 m = 100 m = 1000
3 0.18 0.058 0.45 4.5 14
5 0.22 0.10 0.385 8.2 39
7 0.24 0.13 0.355 11 63
9 0.24 0.15 0.337 13 85
11 0.25 0.17 0.324 15 102
13 0.25 0.18 0.315 16 117
15 0.25 0.19 0.308 17 128
17 0.25 0.20 0.301 18 141
19 0.25 0.20 0.297 19 149
21 0.25 0.21 0.292 19 157
® 0.69 0.69 0.69 69 | 690

-3 - SEL-63-134



E. CONCLUSIONS

Assuming ideal vote takers, the digital system will be most reliable
if majority logic is applied at as low a level as possible, i.e., when
the system is divided into as many digital subsystems, each followed by
a majority vote taker, as possible.

On the other bhand, it is clear that the MTF for the system will
always be less than the MTF for the individual circuit. In the limit
as n— o we have seen in Fig. 2.7 that the system MTF could be 0.69
times the MTF for the individual circuit. Equation (2.29) can be used
to find a lower limit on the MTF for given values of m and n, if
L is known.

Equation (2.32) gives a lower bound on the relative increase in MTF
obtained by using redundancy and majority logic, even if A and L
are not known.

From Eqs. (2.22) and (2.32) it is seen that the use of redundancy
and majority logic gives the greatest improvement in reliability in the
case of large systems, i.e., in systems for which it is possible to
achieve large values of m.

Finally, for a fixed mission time T, which is much shorter than
the MTF, we have the following expressions for the probability of

failure:
-LT .
QO(T) =1-e 2 LT if LT << 1 (2.12)
Q (1) (ZMI)(L )nu 1f LT << |ote M nfan
n =n n m < 2n+1 m
n
(2.16)
so that
Q (1) n
[« 1 m
Qn(T) = (2n+1) (LT> for LT << 1 (2.33)
n

SEL-63-134 - 32 -




(2.33) clearly shows the importance of making m the number of vote
takers as large as possible,

It should be emphasized that the full improvement in reliability
is realized only if we ensure that all circuits are working properly
at time t = 0, that is, at the time when the mission is about to
start,.

Finally, it should be noted that it is possible to build a system
in which the output from each circuit is compared with the output from
the corresponding majority vote taker. If a circuit fails, it may
then be possible to detect the failure and manually replace the circuit
without interrupting the operation of the system.
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III. MAJORITY LOGIC WITH NON-PERFECT VOTE TAKERS

Expressions for evaluating the improvement in reliability which
can be achieved by the use of redundancy and majority logic were estab-
lished in Chapter II. The analysis of Chapter II was based on the use
nf perfect infallible vote takers,

In this chapter the case of non-perfect vote takers is considered.
We shall first determine a condition on the failure rate kv of the vote
takers in order that the vote takers can be considered ideal (Eq. 3.7).

If the vote takers can not be considered ideal, the use of redundant
vote takers is recommended. By appropriately modifying the expressions
of Chapter II to include the effect of the unreliable vote takers, we
next established for the redundant system a lower bound T; on the MTF

and an approximation for T as a function of redundancy, number of

An
vote takers, vote taker reliability, and system reliability for the
nonredundant system.

Finally, we established an expression for the optimum number of

redundant unreliable vote takers to be used in the system.

A, CONDITIONS FOR CONSIDERING THE VOTE TAKERS TO BE IDEAL

In the following we shall establish a condition on Kv, the
failure rate of the majority vote taker, in order that the MVT can be
considered ideal. Let pv be the probability that a vote taker is
working properly, then qv =1 - P, will be the probability that the
vote taker is not working properly. We will assume that if the vote
taker is not working properly, then it will have as an output the
complement of the desired output. (The implications of this assumption
are discussed in Chapter IIA.)

We will assume that the number of vote-taker failures in a given
length of time obeys the Poisson distribution; furthermore, let the
MTF of a vote taker be 1/xv. Then

-At
p(t) =e v (3.1)
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and the probability that m vote takers are all working properly becomes

-A mt
P (t) = [pv(t)]m= e Vv (3.2)

We will establish a condition on the failure rate kv of the vote
takers, such that the probability of failure for the system shown in
Fig. 2.6B is essentially uneffected by the failures of the vote taker,
that is,we will establish the condition on Xv for the vote takers to
be considered ideal.

Consider the system of Fig. 2.6B. The probability of failure for

the overall system assuming ideal vote takers is

Qn(t) <A for t < T,

The probability that none of the vote takers will fail is

—vat
P (t) =e (3.3)
v
and the probability of failure among the vote takers is
-m\vTA
Qv(t) =(1-e ) for t =T, (3.4)
Thus, if
Qv(t) < A for t< T, (3.5)

then the vote taker can be considered to be ideal. (3.5) is satisfied if
mA T, << & (3.6)

or

2n+1 1/n+1
Al |, A ( n }
oL ‘ (3.7)
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Hence, the vote takers can be considered ideal if the mean time between

failures

2nel 1/n+1
m

l1lm
L D (2n+ 1)
n

Note that the requirement to the reliability of the vote taker

1
MTF = X: >> (3.8)

increases as A is decreased. Fig., 3.1 indicates the reason for this.
Recall that

dPn(t)

dat =0 at t=0

At)

Qo( t) NONREDUNDANT SYSTEM

Q,(t) REDUNDANT SYSTEM
WITH IDEAL YOTE TAKERS

Q,(t) PROBABILITY OF

AT LEAST ONE FAILURE
I AMONG m VOTE TAKERS
Y t t
&iﬂl << Slta) >
9.(t) % (ty)

FIG. 3.1. PROBABILITY OF AT LEAST ONE FAILURE AMONG m VOTE TAKERS
COMPARED WITH THE PROBABILITY OF FAILURE AMONG m MAJORITY GROUPS.
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for the redundant system with ideal vote taker. Also note that for the

nonredundant vote takers

de(t)

rrai -va at t=0

Hence, for any Xv > 0 there will always be some period of time for
which the (nonredundant) vote takers will be the major contributor to

the system failures.

B. USEFUL LIFE TA AND MTF ACHIEVED BY REDUNDANCY AND NON-PERFECT

VOTE TAKERS

In the case when the failure rate of the vote takers cannot be
neglected, we can use redundant vote takers as shown in Fig. 3.2A, The
system of Fig. 3.2A can be represented as shown in Fig. 3.2B as a system
using nonredundant ideal vote takers in which the failure rate of the
individual circuit is the sum of the failure rate of the original circuit
and the failure rate of the vote taker feeding that circuit. The
probability of survival for the individual circuit of Fig. 3.2B is

—xvt -Aot -(xv+xo)t
p=pvpo=e e = e (3'9)
or usin |1
g )\O_;L
£
p=ce v

(3.10)

Then by (2.13) we get

2n+1 i 2n+1-i m
P (t) = ;Z; ( § ) qa p =1 -9 /(t)

where
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= oAt
LA

NONPERFCT VOTE TAKER
PROBABILITY OF FAILURE q, = (I - p,)

A, System containing redundant
majority vote takers

h 1=
— ot

W] L

PERFECT VOTE TAKER

B. Model for analvzing system containing redundant
majority vote takers

FIG., 3.2, USE OF REDUNDANT MAJORiTY VOTE TAKERS.
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L L+m?\v
p=1-q=exp{-;+)\v}=exp -t

The curves of Figs. 2.7 and 2.8 show respectively the probability
of survival Pn(t) and the probability of failure Qn(t) as a function
of Lt for a redundant system using perfect vote takers. Note that
the same curves apply to a redundant system using redundant non-perfect
vote takers if Lt on the abscissa is replacec by (L + mkv)t. (This
change in scale on the abscissa clearly does not apply to the curve
for the nonredundant system.)

To find TAn for the system of Fig. 3.2 substitute (E + Xv) for
A in Eq. (2.18) and get

1/n+1
1 A
T = (3.11)
Mm L Y (2n+1)m
m v n
or
A mn/n+1 A ']1/h+1 (3.12)
on T . m\ (2n+1>_,
v n
Similarly, substitute (L + mkv) for L in (2.29) to get
wrF > —L . gn/ml Kz(n) = T (3.13)
1
L + mA
v
C. OPTIMUM NUMBER OF REDUNDANT NON-PERFECT VOTE TAKERS
In the case of the ideal vote taker, Tlm and T; would increase
proportionally with mn/n+1; thus, for a given redundancy TAn and T,

would be maximized if vote takers are applied at the lowest possible
level (i.e.,if m 1is made as large as possible). Alternatively, m

and thereby TA might be limited by the cost of the vote takers.
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If the vote taker is unreliable, then the reliability of the system
will actually start to decrease if the number of vote takers is increased
above some optimum value.

To find the optimum value of m, for a fixed n, differentiate
(3.12) and/or (3.13) and find

_n/n+l
%r;-m——-—=0 when m=%—rl n>1
L + m\ v
v
thus. the maximum of Tﬁn and T; is achieved for
m= %ﬂ =M (3.14)
v
Inserting MKO =L in (3.14) we find
M\ =1Ln =M\ n (3.15)
v o

thus maximum reliability is achieved if:

(3.16)

>’l°>J
it
S

<

For n =1, i.e., 3 circuits in parallel, the optimum division of
the system will then be such that the failure rate %o of the individual
circuit is equal to the failure rate Av of the vote taker. For larger
values of n the optimum division will be such that the failure rate
of the individual circuit is actually less than the failure rate of
the vote taker.

Clearly, the optimum value of m as found in (3.14) will also
minimize Qn(t). This can be checked by replacing X in Eq. (2.16)
by (% + Av) and differentiating with respect to m.
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Equation (3.14) gives a value of m which should not be exceeded.
Several reasons might exist why a smaller value of m will be used in
any given situation. One obvious constraint on m 1is the cost of the
vote takers.

In most practical cases systems complexity or systems cost will
present a constraining factor. Increases in n and m each represent
an increase in systems cost {or complexity). For a given situation
once the relative cost of increasing n or m has been established,
Eq. (3.12) or (3.13) can be used to establish the trade-off between n
and m. It is seen from (3.12) that when m << M, then Tén will
increase "almost proportionally" with m, whereas when m gets
closer to M, then TAn will increase much more slowly as a function
of m.

Furthermore, the smallest block to which majority logic can be
applied must itself be a digital unit. Since a majority vote taker is
a rather simple circuit, it will in most practical situations not be
possible to achieve the optimum value of m, since the smallest digital

unit in the system will usually have a failure rate larger than the

failure rate of the vote taker.
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IV, MAJORITY LOGIC WITH ELIMINATION OF UNRELIABLE CIRCUITS -
ADAPTIVE VOTE TAKERS

In this chapter we consider the use of adaptive vote takers (AVT)
as the restoring organ in a redundant system. An expression for the
probability of failure Qna(t) for a redundant system using AVT's is
established; and we compare graphically the reliability which can be
achieved in a redundant system by the use of AVI's with the reliability
which can be achieved by the use of Majority Vote Takers (MVT). We find
that under a wide range of conditions the use of approximately 10 MVT's
in place of each AVT will, for a fixed amount of redundancy, result in a

system of surarior reliability.

A. ADAPTIVE VOTE TAKERS VERSUS MAJORITY VOTE TAKERS

For a fixed amount of redundancy greater than 3 and a fixed number
of vote takers the reliability of a system can be further improved, if
the majority vote taker is replaced by an adaptive vote taker. By com-~
paring the output from each individual circuit in a majority group with
the ouiput from the vote taker, it is possible to estimate the error
rate of the individual circuits. An optimum voting procedure can then
be established in which the more reliable circuits carry more weight in
the votins than do the less reliable circuits. Pierce [Ref. 7] has
established the voting procedure which will minimize the probability of
error in the output of the vote taker for arbitrary known error rates
of the individual circuits. This optimum voting procedure requires
that the vote weight of the individual circuits can be set to any value
between 1 and O depending on the error rate of the circuit,

In its simplest (non-optimum) form,an adaptive vote taker gives
either weight one or weight zero to a circuit; i.e., initially all
circuits carry weight 1 until the error rate of one circuit increases
beyond some threshold level, in which case that circuit is eliminated
from the vote taker (see Fig. 4.1). The adaptive vote taker will thus
eliminate the circuits as they fail and the "adaptive majority group"
may then operate as long as at least two circuits in the group are

operating properly.
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R AN LEAST TWO CIRCUITS ARE
b OPERATING PROPERLY
w— 22+ || v

FIG. 4.1. ADAPTIVE MAJORITY GROUP. (Majority
vote with elimination.)

We shall restrict our discussion in the following to this type of
adaptive vote taker only.*

If the probability of failure for the individual circuit is
-At
q (t) = (1 -e7)

and if the adaptive vote taker is perfect, then the probability of
failure qna(t) for the adaptive majority group is

2n+l 2n
+ (2n+1)p0 ©q (4.1)

q,(t) = a

*In many practical situations a circuit will either be working almost
perfectly, i.e., with an error rate which is many orders of magnitude
less than one, or it will have failed completely, i.e., the output from
the circuit will be independent of the input. If the circuits under
consideration are indeed in one or the other of the above two states
(most of the time), then the reliability which can be achieved by using
an adaptive vote taker, which eliminates the failed circuits, will be
(vtrtually) as good as the reliahility which can be achieved by using
an adaptive vote taker which has continuous weights.
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Figure 4.3 shows qna(t) as a function of t for n ranging from 2
to 32, (The curves marked by A). For comparison the probability of
failure qn(t) for the corresponding majority group is also shown in
Fig. 4.3.

Over the range of t for which qn(t) << 1 we find as expected
that qna(t) << qn(t); thus, as a restoring organ, the adaptive vote
taker is superior to the majority vote taker.

It appears that an adaptive vote taker will be considerably more
difficult to realize than a majority vote taker. It may therefore be
more reasonable to compare the reliability which is achieved by using
one adaptive vote taker with the reliability which could be achieved
by using m majority vote takers in the same syscem (see Fig. 4.2).

In Fig. 4.3 we have shown the probability of failure Qn(t,m)
versus time for a system using m (ideal) ma jority vote takers, for
m=1, 5, 10, and 20. Also shown iS the probability of failure for the
same system using one adaptive vote taker. First, a remark about the
behaviour of Qn(t,m) and qna(t) for t close to zero; from (2.16)
by replacing A by L/h

Q (t,m) é'l—n (‘";1) (Lt)**! for Lt << 1 (a.2)

from (4.1)

a_ (t) = (2n+1) (Lt)?" for Lt << 1 (4.3)
Since qna(t) goes as t to the power 2n, whereas Qn(t) goes as t
to the power (n+1), it is clear that regardless of the value of m

there will always be a range of t such that Qn(t) > qna(t) for
0=t=1t;. Itis interesting to compare the behaviour of qna(t) with
the behaviour of Qn(t) for m = 10, From the curves of Fig. 4.3 we

see that (for 2 = n s 32) Qn(t) and qna(t) have a cross-over point,
and that Qn(t) actually is significantly smaller than qna(t) over a
considerable range of t and q. For n=2 and m = 10 the cross-over

is seen to take place at q ~ 10-6. For n =8 and m = 10 the cross-

over takes place at q ~ 10-8. As n increases, the cross-over takes
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—— | I Qo(‘) = (- '.L")

BINARY SYSTEM

B ]
(20 + 1) .
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m VOTE TAKERS

PROBABILLTY. OF FAILURE Q,{t. =)

A. System using m majority vote takers

ADAPTIVE VOTE TAKERS

PROBABILITY OF FAILURE qn.(t)

B. System using one adaptive vote taker

FIG. 4.2. COMPARISON BETWEEN A REDUNDANT SYSTEM USING ONE
ADAPTIVE VOTE TAKER AND A REDUNDANT SYSTEM USING m MAJORITY
VOTE TAKERS.
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place at a smaller value of ¢q. Also, it is seen that for a fixed n
the cross-over can be moved back (i.e., toward smaller t and smaller
q) by increasing m.

We will now compare the reliability of a system using one adaptive
vote taker and having redundancy 2n+l = 5 with a system using m = 10
majority vote takers and having redundancy 2n+l = 5., From the curves
of Fig. 4.3A it is seen that
1) If the MTF is taken as the criterion for reliebility, then the

system using m = 10 majority vote takers is the most reliable.

2) If T is taken as the criterion for reliability, then the system

A
using 10 majority vote takers is the most reliable of the two
systems, if A > 10_6; and it is the least reliable of the two,
if A< 1076,

3) If the mission time T 1is fixed and Q(T) is the criterion for

reliability, then the system using 10 majority vote takers is

the most reliable of the two systems, if T > 0.02 Lt, and it is

the least reliable of the two if T < 0.02 Lt.

Similar conclusions can be reached for other values of m and n
by means of the curves shown in Fig. 4.3. The curves shown in Fig. 4.3
are all based on the use of "ideal" vote takers. If the vote takers
are not perfectly reliable, we may use redundant vote takers as dis-
cussed in Chapter III. However, in the case of the adaptive vote taker,
“jdeal” not only refers to the reliability of the circuitry, but also
implies instantaneous adaption. With a finite time delay in the
adaptive process, the probability of failure qn(t) will be somewhat
larger than shown in the curves of Fig. 4.3, and the cross-over point
between qna and Qn will move further to the left. By increasing m
it is possible to make the two curves qna and Qn cross over at a
point where the probability of failure is arbitrarily small.

Finally, we will compare the case of a system using m, adaptive

vote takers with a system using m = mym_,2 majority vote takers. 1In

a
Fig. 4.3A we have shown curves ior Qna(t’ma) and Qn(t’mlma) where
Qna(t) is the probability of failure for a system using m = 100

adaptive vote takers, and where Qn(t) is the probability of failure
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for a system using mlma = 1000 majority vote takfzs. It is seen
that the cross-over for these 2 curves is at q = 10 .

In general, if the cross-over between qna(t) and Qn(t) is at
q = 4, (where qna(t) is the probability of failure for one adaptive
majority group, and Qn(t) is the probability of failure for the same
group containing m majority vote takers), then the cross-over point

n
for the curves Qna(t’ma) and Qn(t,ma 1) will be at

o]
i+
=]

A if maA <1

From the expressions (4.2) and (4.3) (and Fig. 4.3), it is seen

that we can make
— Qn(t,m) < qna(t) for all t (4.4)

if we employ about twice the amount of redundancy in the system using
majority vote takers as is used in the system using adaptive vote

— takers. Specifically (4.4) is satisfied if

(n+1) 2 27 (a.5)

and

(2“;1) < m"(2n+1) (4.6)

where (2n+1) is the number of redundant circuits in the case of
ma jority logic and (2n+1) is the number of redundant circuits in the
case of adaptive vote takers, (4.6) is satisfied for m 2 3 if n = 14,

B. CONCLUSION

Two types of restoring organs have been compared, the adaptive vote
taker and the majority vote taker. In a triple redundant system the
two types of restoring organs are equivalent. In a system of higher
redundancy the adaptive vote taker is considerably more efficient as a
restoring organ than the majority vote taker. However, it is always

possible to achieve the same system reliability by means of majority

- 51 - SEL-63-134




vote takers as can be achieved by means of adaptive vote takers, by
using more majority vote takers and/or by using a higher amount of
redundancy. Under a wide range of conditions the use of approximately
10 majority vote takers in place of each adaptive vote taker will (for
a fixed amount of redundancy) result in a system of superior reliability.
The choice of restoring organ to be used in a given redundant system
will then in part depend on the ease with which the particular restoring
organ can be realized. At the present time, there is no simple technique
for realizing adaptive vote takers, whereas majority vote takers with
up to about 9 inputs are relatively easy to implement. Thus, for the
time being, the use of majority vote takers appears more promising than

the use of adaptive vote takers.
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V. CONCLUSIONS

This report presents a quantitative evaluation of the improvement
in reliability which can be achieved in a digital system by the use of
redundancy and restoring organs. Simple expressions are given for the
trade-off between added system complexity (1.e., the number of vote
takers and the amount of redundancy) and the corresponding improvement
in system reliability.

It is concluded that while the use of redundancy and restoring
organs can substantially increase the MTF of a digital system, the
technique is much more effective in increasing the useful life TA
(for A << 1) of a system. Thus, this technique will be most useful
in the case of a system that must operate with an exceedingly small
probability of failure for a relatively short period of time.

The improvement in system reliability is found to increase rapidly
as a function of the number of restoring organs employed. For a highly
redundant system the MTF and TA increase almost proportionally with
the number of restoring organs. Thus, this technique for improving system
reliability will be most useful in the case of large systems, that is
in the case of systems which can conveniently be divided into a large
number of binary subsystems.

Two types of restoring organs have been considered: the majority
vote taker and the adaptive vote taker. For a triple redundant system
the two types of restoring organs are equivalent. For systems of
higher redundancy the adaptive vote taker is more efficient as a restoring
organ than the majority vote taker. However, the reliability which can
be achieved by using a given number of adaptive vote takers in a redun-
dant system can often be equalled or exceeded by using instead approxi-
mately 10 times as many majority vote takers in the system. The choice
of restoring organ will therefore in part depend on the relative cost

of implementing the two types of restoring organs.
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APPENDIX A, DEVELOPMENT OF A LOWER BOUND ON THE MTF FOR A TRIPLE
REDUNDANT SYSTEM USING m MAJORITY VOTE TAKERS

From (2.3) we have

qn(t) =qd+ 3p°q: =qd+ 3(L - qo)q: for n=1 (A.1)
a,(t) = 3q2 - 2q7
pl(t) =1 - 3q: + 2q; (A.2)
p,(t) 21 - 3q] (A.3)
next, 1 p_(t) = e tnen q_(t) = At and
' p(t) 2 (1 -3(At)*) (a.4)
p{t) = (p (£))" 2 (1 - 3(A)*)"  1r (1-3(At)*) 20 (A.5)

Next, we shall show that for m > 3

m

e B (1) () (9)

i=0

if 05_x<§ (a.6)

To show the inequality of (A.6) we show that the remainder

glo

m
Z (-1)1(':)::130 if 0<x<
i=4

Observe that the first term of the remainder is positive, and that

the ratio of succeeding terms is
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m
(1 ) xi _ i+l

(1?1) xi+1 -(m-i) b

>1 if 0<x<§ and 1 >4 (A.7)

thus, the terms are decreasing with i, and since the first term is
positive the sum must be positive.
Using (A.6) in (A.5) get

P(1) 21 - m 30w + () (a0he)?)2 -(3) tstrerey?

if 3(\t)? <l% (A.8)
00 t
MTF = Py(t) dt > P,(t) dt
-_ oz |
tl m m
MTF >j(; 1 - m 3(At)? +(2) (3(At)2)? -(3> (3(A\t)?)3 dt
it 3(At;)% < § and m > 3 (a.9)

Since the integrand is negative for 3()\1:)2 = % and since the
cross-over (from positive to negative integrand) is at approximately
3(A\t)? = % % we evaluate (A.9) for t; = % L and get

2m

1 1 1 m-1 9 m-1 m=-2 9

MTF > X V2m {2 *"m a0 2 112 (A.10)
1 N1

MIF > 5 4 0.45 for mz 3 (a.11)

For m=1
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= nd 2 - a2 _ o3 _ a "2At -3t
pa(t) = P, * 3po (1 po) = 3p° 2po = 3e 2e

>
iw

o0
MTF =‘[ pi(t)dt = ( - %): % 0.83 form =1 (a.12)

Substituting L = mA in (A.11) and (A.12) we find for all m
that

1
MTF > & Jm’ 0.45 (A.13)
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APPENDIX B, DEVELOPMENT OF A LOWERK BOUND ON THE MTF FOR A (2n+1)
REDUNDANT SYSTEM USING m MAJORITY VOTE TAKERS

The following is a genernlization of the development of Appendix A.

From (2.3) we have

2n+1
_ 2n+1\ 1 (2n+1-1)
q (t) = Z ( ¥ )qo P, (B.1)
i=n+1
2n+1 n+l n n n-1 1 n
qn(t) - ( n ) 9 (1 qo) * a2 qo(l-qo) * * onely Yo
n
(B.2)
2n+1 n+l n n-1 2 n-2 n
a (t) _<_( n )qo {(l-qo) +aq(1-q )" " + q (1-q ) +-..qo}
(B.3)
Since
n
n n i n-i
(a, + (g = 1= ) (F)atay)
i=0
then
n
i n-i
2 - B.4
1 z qo(lqo) for Of_qogl ( )
i=0
so that
2n+1 n+1
q (t) = ( . )qo (B.5)
and
2n+1 n+l
palt) 21 - (7 ) a (8.6)
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Now if po(t) = e-)\t then qo(t) < At
and p (t) >1 - (2";1) (At)*L (B.7)

Also

P (t) = (pn(t))m 2 (1 - (2“;1) (xt)“"l) " i1 (2“;1>(7\t)“+1 <1 (B.8)

We introduce the notation

n

(2“*1) =2 and  (At) =y (B.9)

then using the result from (A.6) in (B.8) we get

2 3
P (t)yz1 - mayn+1 +-(nl>(ayn+l) - ("‘)(ayn+1) if 0< ayn+1 <2
n 2 3 - -m
and m 2 3 (B.10)

Hence

MTF >£ yl(l-may“"l + (';‘ ) (ay™1H)2 - (2 )‘(ayn+l)3)% dy  (B.11)

where

>l

5 1/n+1
dy = dt and Yy < (EE)

As in Appendix A we evaluate this integral for

_ 3 1/n+1
Y1  \2am

and get
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MrF > L (2 Lol .1 3, 1 m19 1 (m-1)(m-2)9_
A \2am 2 8 " 3n+d 2 16

(B.12)

Inserting a = (Zn;l) and L = mA we get

1 n/n+l 3 1/n+1 3 (m-1)9 (m-1)(m-2) 9
MTF > ¢ m 2n+1 ! - e2)z ¥ ened)ms - 2 16
2( N ) (3n+4)m
(B.13)
so that for m>> 1
1 n/n+1
MTF > = K_(n) m (B.14)
L 2
where
K, (n) = s ML s, s s
2 2(2n+1) 2n+4  (2n+3)8  (3n+4)16 (B.15)
n

K,(n) 1is shown in Teble 2 for 1 < n < 10.

- 59 - SEL-63-134



REFERENCES

1. R. F, Drenick, "The Failure Law of Complex Equipment," J. Soc.
Indust. Appl. Math, 8, No. 4, Dec 1960,

2, R. E. Lyons and W, Vanderkulk, "The Use of Triple-Modular Redundancy
to Improve Computer Reliability," IBM Journal, 6, 2 Apr 1962,
pp. 200-209.

3, W. C. Mann, "Systematically Introduced Redundancy in Logical Systems,"
1961 IRE National Convention Record, Part II, p. 241.

4. G. Buzzell, W. Nutting, and R. Wasserman, "Majority Gate Logic
Improves Digital Systems Reliability," 1961 IRE National Convention
Record, Part II, p. 264,

5. W. E. Dickinson and R. M, Walker, "Reliability Improvement by the
Use of Multiple-Element Switching Circuits," IBM Journal, 2, No. 2
1958, p. 142,

6. W. G. Brown, J. Tierney, and R, Wasserman, "Improvement of Electronic-
Computer Reliability Through the Use of Redundancy," IRE Trans. on
Elec. Comp., EC-10, No. 3, 1961, p. 407.

7. W. H. Pierce, "Improving Reliability of Digital Systems by
Redundancy and Adaption," Technical Report No. 1552-3, Stanford
Electronics Laboratories, Stanford, Calif., 17 July 1961,

8. R. H. Wilcox and W. C. Mann, Redundancy Techniques for Computing
_Systems, Spartan Books, Washington, D.C., 1962.

9, J. von Neumann, "Probabilistic Logics and the Synthesis of Reliable
Organisms from Unreliable Components,' Automata Studies, Princeton
University Press, Edited by C. E. Shannon and J. McCarthy, 1956,
pp. 43-98,

SEL-63-134 - 60 -



-

]

-

=

L

~

L

© N

-

-

-

-

-

-

GOVERNMENT

USAELRDL
rt. Monmouth, New Jersey
Attn: SIGRA/SL-PF

Or. Harold Jacobs

Commanding General
USAEIRDL, Bldg. 42
Ft, Monmouth, New Jersey
Attn: SIGRA/SL-SC

Commanding Officer

USAELRDL

Ft. Monmouth, New Jersey
Attn: SIGRA/TNR

Attn: Data Equipment Branch

Commanding Officer
U,S, Army Electronics Research

Dev't, Lab,
Ft, Monmouth, New Jersey
Attn: SIGPM/EL/PEP
R. A, Gerhold
Attn: SIGRA/SL~PRT, M. Zinn
Attn: SIGRA/SL-PRT, L.N.

Heynick

Engineering Procedures Br,
U,S, Army Signal Materiel
Support Agency

Ft, Monmouth, N.J,
Attn: Millard Rosenfeld

Commanding Officer

Frankford Arsenal

Library Branch 0270, Bldg. 40
Bridge and Tacony Streets
Philadelphia 37, Pa.

Ballistics Research Lab,
Aberdcen Proving Ground, Md.

Attn: V,W, Richard, BML

Atta: Ballistics Res. Lab,
K.A, Pullen

Attn: Chief, Computer Res. Br,

Chief of Naval Refearch

Dept, of the Navy

Washington 25, D.C,

Attn: Code 427

Attn: Code 437, Inf., Syst, Br.

Commanding Officer
Office of Naval Research
Branch Office

1000 Geary St,

San Francisco 9, Calif.

Chief Scientist

Office of Naval Research
Branch Office

1030 E, Green St,
Pasadena, Calif,

San Francisco Ordnance Dist.

Basic Research and Special
Projects Br.

P,0, Box 1829, 1513 Clay St.

Oakland 12, Calif,

Attn: Mr. M,B, Sundstrom, Chief

ONR

Branch Office Chicago
230 N. Michigan Ave,
Chicago 1, 111,

Commanding Officer
ONR Branch Office

495 Summer Street

Boston 10, Mass,

Commanding Offaicer

U.S. Army Electronics Res,
P.0. Box 205

Mountain View, falif,

Unit

- -

-
o

o e e O N

I R Ry )

-

- RN ) -

-

-

-

-

SOLID STATE DISTRIBUTION LIST

February 1964

Coumanding Officer
ONR Branch Office
207 West 34th St,
New York 11, N.Y,

Attn:

Dr. 1. Rowe

U.S. Naval Applied Science Lab,

Tech,
Bldg.
Naval

Library
291, Code 9833
Base

Brooklyn, N,Y¥. 11251

01t icer~in=-Charge
Office of Naval Research
Navy No. 100, Box 39

Fleet

Post Office

New York, N.Y,

U.S., Naval Research Lab,

Washington 25, D.C,
Attn: Code 2000
Attn: Code 5240
Attn: Code 5430
Attn: Code 5200
Attn: Code 5300
Attn: Code 5400
Attn: Code 5266, G, Abraham
Attn: Code 5360
Attn: Code 6430
Chief, Buresu of Ships
Navy Dept,
Washington 25, D.C,
Attn: Code 732, Mr, A, E, Smith
Attn: Code 335
Attu: Code 684A, R, Jones
Attn: Code 686
Attn: Code 687E
Attn: Code 687D
Attn: Code 670B
Attn: Code 681A1D
Attn; Code 691A1
Attn: Code 670 NTDS
Attn: Code 607A LCDR
E.B, Mashinke
Attn: Code 681A
Chief, Bureau of Naval Weapons
Navy Dept.
Washington 25, D.C.
Atin: RAAV ¢
Chief, Bur, of Naval Weapons
Navy Dept,
Washington 25, D,C.
Attn: RREN-3
Attn: RAAV-44
Attn: ASW Detection and Control Div,
Attn: RMWC, Missile Weapons Control Div,
Attn: DIS-31
Attn: RAAY, Avionics Div,
Chief of Nsval Operations

Navy Dept.-Pentagon 4C717
Washington 25, D,C,

Attn:
Attn:

Op 94T
Op 07T 12

Commanding Officer & Dir,
U,S8. Navy Electronics Lab.
San Diego 52, Calif,

Attn:

U,S. Naval Post Grad,

Tech, Library

Sch,

Monterey, Calif,

Attn:

Tech. Reports Library

Weapons Systems
Test Div., Naval Air Test Center
Pa.vxent River, Md.

Attn:

Library

-

L

-

-

1

-

™

-

U.8. Naval Weapons Lab,

Dahlgren, Va,

Attn: Technical Library

Attn: G.H. Gleissner,
Computation Div,

U.8. Naval ORD Test Station
Pasadens Annex

3202 E. Poothill Blvd.

Pasadens, Calif,

Attn: Tech. Library (Code P80962)

U.S. Army R and D Lab,
Ft, Belvoir, Va,
Attn: Tech. Doc. Ctr.

U.S, Naval Weapons Lab,

Dahlgren, Va,

Attn: Computation and Analyais
Lab,

U.S. Naval Ordance Lab,
Corona, Calif,

Attn: Robert Conger, 423
Attn: H. H. Wieder 423
Commander

U.S. Naval Air Devel, Center
Johnsville, Pa,
Attn: NADC Library

U.S, Naval Avionics Facility
Indisnspolis 18, Ind,
Attn: Station Library

Naval Ordance Lab,
White Oaks

Silver Spring 19, Md,
Attn: Tech, Library

Commanding Officer

U.S, Army Materiel Command
Washington 25, D.C,

Attn: AMCRD-DE-E

Attn: AMCRD-RS-PE-E

Commanding Officer

U.S. Army Research Office
Du ham)

Box CM, Duke Station

Durham, N.C,

Attn: CRD-AAIP

Dept. of the Army

Office, Chief, Research and Dev't,
Room 3D442, Pentagon

Washington 25, D.C,

Attn: Research Support Div,
Commanding General
USAELRDL
Attn:  Technical Documents Ctr,
Evans Signal Lab, Area,
Bldg. 27
Ft, Monmouth, N.J.
Commander
Army Ballistic Missile Agency
Attn: ORDAB-DGC

Redstone Arsenal, Ala,

Advisory Group on Reliability of
Electronic Equipment

Office, Ass't Sect. of Defense

The Pentagon

Washington 25, D.C.

Commanding General

U.8, Army Electrenics Comm,
Attn: AMSEL-AD

Ft, Monmouth, N.J.

Solid State
-1- 2/64



Office, Chief of Res. and Dev't
Dept. of the Army

3045 Columbia Pike

Arlington 4, Va,

Attn:

-

Office of the Chief of Engineers
Chief, Library Branch

Dept, of the Army

Washington 35, D.C,

-

Office of the Ass't Sec'y of
Defense (AE)

Pentagon, Room 3D-984

Washington 25, D,C,

-

Chief of Staff
U.S8, Air Force
Washington 25, D.C,
Attn: AFDRT-ER

U.S. Army Signal Liaison Office
ASD
Wright-Patterson AFB, Ohio

1 Attn: AS:DL - 9

Commander
Aeronautical Systems Div.
Wright-Patterson AFB, Ohioc

1 Attn: ASRNE-2, Mr, D. R. Moo.e
1 Attn: ASRNBS-2
2 Attn: ASRNEM
1 Attn: ASRNE =32
1 Attn: ASAPT
1 Attn: ASAPR
1 Attn: WWKSC-N, Mergulis
1 Attn: ASENXRR
Commandant

AF Institute of Technology
Wright-Patterson AFB, Ohio
Attn: AFIT-Library

-

DFEE, Lib. Offjicer
USAF Academy
1 USAF Academy, Colorado

Executive Director

Air Force Office of
Scientific Research

Washington 25, D.C,

Attn: Code SRPP

Attn: Code SREE

]

Office of Scientific Res.
Depr of the Air Force
Washington 25, D.C,

1 Attn: SRGL

AFVL (wLL)
Kirtland AFB, N.M,

Director, Air Univ. Library
Maxwell AFB, Alabanms
1 Attn: CR 4582

AFSC Liaison Office
Los Ange Area
1 Attn: Lt, Col, A.A, Konkel
6331 Hollywood Blvd,
Hollywood 28, Calif,

Hq., USAF (AFRDR-NO-3)

The Pentagon

Attn: Harry Mulkey
Rm 4D 335
Washington 35, D.C,

-~

Solid State
-2 - 2/64

L.H. Geiger, Res. Planning Div,

-

-

-

-

-

-

-

-

-

-

Air Force Systums Command

Scientific and Tech, Liaison
Office

111 E. 16th st,

New York 23, N.Y.

School of Aerospace Medicine

USAF Aerospace Medical Div,
(arsc

Attn: SMAP, Brooks AFB, Texas

Commanding Gene '

Rome Air Dev't, er

Griffiss AFB, Rom .Y,

Attn: RCWID, Maj. v.J, Long

Attn: RC.4A, J. Dove

Commanding General

Alr Force Cambridge Res. Labs,
Air Res, and Dev't. Command
L. G. Hanscom Field

Bedford, Mass.

Attn: CRTOTT-2, Electronics
Attn: Elec. Res, Lab, (CRR)
Attn: Chief, CRRB

Attn: Dr, H.H. Zechirnt

Computer and Mathematical
Sciences Lab,

Headquarters, AFSC
Attn: BSCTAE
Andrews AFB,
Washington 25, D.C.

Ass't Sect., of Defense (Research
and Dev't)

Dept, of Defense

Washington 25, D.C,

Attn: Technical Library

Office of Director of Defense
Research and Engineering
Dept. of Defense

Washington 25, D.C.

Nat'l Aeronautics and Space
Admin,

Goddard Space Flight Center

Greenbelt, Nd.

Attn: Chief, Data Systems Div,

Nat') Aeronsutics and S<pace
Admir,

George C. Marshall Space
Flight Center

Huntsville, Alabama

Attn: M=G and C-R

Federal Aviation Agency

Bureau of Res. and Dev't

Washington 25, D.C,

Attn: RD-40851, Mr. Harry
Hayman

Ass't of Sect, of Defense for
Res. and Engineering

Information Office, Library Br,

Pentagon Bldg.

Washington 25, D.C,

Dept. of Defense

Defense Communications Agency
Washington 25, D,C,

Attn: 121A, Tech, Lib,

Institute tor Detense Analyses
1666 Connecticut

Washington 8, D.C,

Attn: W,E, Bradley

20

-

- N -

o

-

» b s g

~

David Taylor Model Basin
Washington 7, D.C,
Attn: Tech. Lib,, Code 142

U.S. Coast Guard
1300 £, Street, N, W,
¥Washington 25, D.C,
Attn: EEE

Advisory Group ¢n Electron
Devices

346 Broadwiy, 8th Floor East

New York 13, N.Y,

Attn: Harry Sullivan

DDC  (TISIA)
Cameron Station
Alexandria, Vr.

Census Bureau

Washington 5, D,C,

Attn: Office of Ass't, Dir.
for Statistical Services
J. L. McPherson

Program Director
Engineering Section
Nat'l Science Foundation
Washington 25, D.C.

Commanding Officer

Diamond Ordnance Fuze Labs.

Washington 25, D.C.

Attn: ORDTL 930, Dr. R.T. Young

Attn: Library

Attn: ORDTL-450-638, Mr, R. H,
Comyn

Nat'l Bureau of Standards
Washington 25, D.C.

Attn: R.D. Elbourn
Attn: Mr. S.N, Alexander
Attn: Librarian

U.S. Dept, of Commerce

Net'l Bureau of Standards
Boulder Labs,

Central Radio Propagation Lab,
Boulder, Colorado

U,S. Dept. of Commerce

Nat'l Bureau of Standards

Boulder Labs.

Boulder, Colorado

Attn: Miss J, Lincoln, Chief
Radio Warning Services
Section

Director, Nat'l Security Agency
Ft, George G. Neade, Md,

Attn: R31

Attn: R42

Attn: Howard Campaigne

Attn:

Chief, U.S, Army Security Agency
Arlington Hall Station
Arlington 12, Va,

Central Intelligence Agency
2430 E, st,, NW
Washington, D.C,
Attn: A, Borel

C3/TDL, Rm, 2C087, Tech, Doc,



-

-

-

-

- - - e -

-~

-

-

~

[

UNIVERSITIES

School of Engineering
S8ciences

Arizons State University

Tempe, Arizons

University of Arirons

Elec, Engr. Dept.

Tucson 33, Arizona

Attn: Robert L, Walker

Attn: Dr, Douglas J, Hamilton

Jet Propulsion Lab.

Calif. Inst, of Technology
4800 Oak Grove St,
Pasadena 3, Calif,

Attn: Library

Univ, of Calif,

Elec, Engineering Dept.
Berkelsy 4, Calif,

Attn: Prof. R,M, Saunders, Chm,

Univ, of Calif,

Radistion Lab,

Information Div,, Bldg. 30,
Roor 101

Berkeley, Calif.

Attn: Dr,. R.K, Wakerling

Univ, of Calif,
Lawrence Radiation Lab.
P.0. Box 808
Livermore, Calif.

Attn: Tech, Info. Div,

Univ. of Calif, at Los Angeles

Los Angeles 34, Calif,

Attn: Dept of Engineering
Prof. Gerald Estrin

Attn: Electromagnetics Div,,
R.S, Elliott

Attn: C.R, Viswanathan,
§8 Electr. lab.

Univ, of Chicago

Inctitute for Computer Research
Chicago 37, Illlinois

Attn: Nicholas C. Matropolis

Columbis University
New York 27, N.Y.

Attn: Dept. of Physics
Prof. L. Brillouin
Attn: Columbia Radimtion Lib,

Cornell University

Cognitive Systems Res. Progras
Hollister Hall

Ithaca, N.Y.

Attn: F, Rosenblatt

Univ, of Florida

vept, of Elect, Engr.

Rm. 336, Engineering Bldg.
Jainesville, Florida
Attn: M.J, Wiggins

George Washington Univ.
Washington, D.C,
Attn: Prof. N, Grisamore

Drexel Inst, of Tech,
Dept., of KElect. Engr.
Philadelphis 4, Pa,
Attn: F.B, Haynes

Georgia Inst, of Tech.
Atlanta, Ga.

Attn: Mrs. J.H. Crosland
Librarian

- -

-

[od

-

R

-

-

-

[~

-

-

Harvard University

Technical Reports Collection

Ru. 303A, Pierce Hall

Cambridge 38, Mass.

Attn: Mrs, Elizabeth Farkas,
Librarian

Harverd University

Pierce Hall 217

Carbridge 38, Mass,

Attn: Div, of Engineering and
Applied Physics
Dean Harvey Brooks

Univ, of I11,

Elect, Engineering Res. Lab,
Urbans, 111,

Paul D, Coleman, Rm. 318
Attn: William Perkins

University of 111,

Digital Computer Lab,
Urbana, I11.

Attn: Dr, J. E, Robertson

Univ. of I11,

Coordinated Science Lab,
Urbana, 111,

Attn: Prof, Daniel Alpert

Univ, of I11,
Libresry Serials Dept.
Urbana, Ill.

Univ, of 111,

Dept. of Physics
Urbana, Il1.

Attn: Dr. John Bardeen

Johns Hopkins Univ,
Applied Physics Lab,
8621 Georgia Ave.
Silver Spring, Md.

Attn: A.W, Nagy

Attn: N,H, Choksy

Attn: Document Library

Attn: Supervisor of Tech,
Reports

Carlyle Barton Labs,
Johns Hopkins Univ,
Charles and 34th Sts,
Baltimore 18, Md,
Attn: Librariean

Linfield Research Inst,
McMinnville, Oregon
Attn: Guy N. Hickok, Dir.

Margoette Univ,

Dept. of Elect, Engr.
1515 W, Wisconsin Ave,
Milwaukee 3, Wis,

Attn: Arthur C. Moeller

State Univ. of Iowa

Dept, of Electrical Engineering
Iowa City, Iowa

Attn: Prof. Donald L, Epley

M. I.T,

Cambridge 39, Mass,

Ressarch Lab, of Electronics
(Document Rm. 26-327)

Lab, of Insulation Research

Miss Sils, Librarian, Rm 4-244

Lincoln Lab,

M.I.T,

P,O. Box 73

Lexington 73, Mass,

Atta: Dr. Walter I, Wells

Attn: Library
Attn: Navy Representative
Attn: Kenneth L, Jordan, Jr,

-

-

-

-

-

-

-

-

-

-

-

-

-~

Dynamic Analysis and Control Lab,
M 1.T,

Rm, 3-457

Cambridge, Mass,

Attn: D, M, Baumann

Director, Cooley Electronics
Lab., N, Campus

Univ. of Mich,

Ann Arbor, Mich.

Univ, of Mich,

Dept. of Elect. Engr.

3503 E, Engineering Bldg.
Ann Arbor, Mich,

Attn, Prof, Joseph E. Rowe

Univ. of Mich,

180 Frieze Bldg.

Ann Arbor, Mich,

Attn: Dr, Gordon E, Peterson,
Dir. of Communication
Science Lab.

Univ. of Mich,

Inst, of Science and Tech,

Ann Arbor, Mich,

Attn: Tech. Documents Service

Univ, of Minn,

Dept. of Elect, Engr.

Inst, of Tech.

Minneapolis 14, Mian.

Attn: Prof. A, Van der Ziel

Univ, of Nevada

College of Engineering

Reno, Nev.

Attn: Dr. Robert A, Manhart,
Chm, Elect, Engr. Dept.

New York University

University Heights

New York 53, N.Y,

Attn: Dr, J. H, Mulligan, Jr,
Chm. of EE Dept,

New York University
Solid State Lab,

4 Washington P1.

New York 3, N.Y,

Attn: Dr. H, Kallmann

Northwestern Univ.
Aerial Measurements Lab,
2422 Oakton St.
Evanston, Ill.

Attn: Walter S. Toth

North Carolina State Collegse
Dept, of E.E,
Raleigh, N.C.
Attn: Prof, Robert W. lade

Univ, of Notre Dame
Elect, Engr. Dept.
South Bend, Indiana
Attn: Eugene Henry

Ohio State University
Dept. of Elect., Engr.
Columbus 10, Ohio

Attn: Prof. E.N, Boone

Oregon State Univ,
Dept. of Elect. Engr.
Corvallis, Oregon
Attn: H.J, Oorthuys

Univ, of Pennsylvania
Moore School of E.E,

200 S. 3th St,
Philadelphia 4, Pa,
Attnt Miss AL, Campion

Solid State
-3 - afes




[

-

-

-

-

-

-

.

-

-

-

-

-

-

Polytechnic Institute
Elect, Engr. Dept.
333 Jay St.

Attn: Leonard Shaw

Polytechnic Inst, of Brooklyn
Graduate Center

Rt. 110

Farmingdale, N,Y.

Attn: Librarian

Princeton Univ,

Elect. Engr. Dept.
Princeton, N,J,

Attnt Prof., F.S. Acton

Research Inst, of Advanced
Studies

7212 Bellona Ave,

Baltimore, Md,

Attn: Dr. R.E, Kalman

Purdue Univ,
Elect, Engr. Dept,
Latayette, Ind,
Attn: Library

Renssclaer Polytechnic
Institute
Library--~Serials Dept,
Troy,- N

Y.

Univ, of Rochester

Gavett Hall

River Campus Station
Rochester 20, N,Y,

Attn: Dr, Gerald H, Cohen

VARSI Library
Univ, of Santa Clars
Santa Clara, Calif,

Stanford Research Inst.
Menlo Park, Calif,
Attn: Extarnal Reports G-037

Stanford Research Inst,
Computer Lab.

Menlo Park, Calif,
Attn: H,D, Crane

Syracuse University

Dept. of Elect, Engr.
Syracuse 10, N,Y,

Attn: Dr. Stanford Goldman

Univ, of Tennessee
Dept., of E,E,
Ferris Hall
Knoxville, Tenn,

Texas Technological College

Lubbock, Texas

Attn: Dii, Inst. of Science
Engineering, Office of
Dean of Engr.

Univ, of Utah

Electrical Engineering Dept,
Salt Lake City, Utah

Attn: Richard W, Grow

Villanova Univ,

Dept, of Elect, Engr,

Villanova, Pa.

Attn: Thomas C, Gabriels,
Asst, Prof,

Univ. of Virginia

Charlottesville, Va,

Attn: J,C, Wyllie, Alderman
Library

Solid State
-4- 2/64

-

-

- -

-

-

s -

-~ -

- -

- =

-

Wayne State University

Detroit, Mich.

Attn: Prof, Harry Josselson
Dept. of Slavic Langusges

Engineering Library
Yale University

New Haven, Conn,
Sloane Physics Lab,
P~ ., of Elect, Engr,
Dunham Lab.

INDUSTRY

Admiral Corporation

3800 Cortland St,

Chicago 47, 111,

Attn: E,N, Roberson, Librarian

Airborne Instruments Lab,

Comxc Road

Deer Park, L.I., New York

Attn: John Dyer, Vice Pres,
and Tech, Director

Amperex Corporation

230 Duffy Ave,

Hicksville, L.I1., New York
Attn: S, Barbasso, Proj. Eng.

Auerbach Corp.
1634 Arch St.
Philadelphia 3, Pa.

Autonetics
Div. of N, American Aviation
9150 E. Imperial Highway

?pey, Calif,
Attn: Tech., Library 3040-3

Bell Telephone Laboratories
Murray Hill Labs,

Murray Hill, N,J.

Attn: Dr. J.K. Galt

Attn: Dr, J, R. Pierce

Attn: Dr. S. Darlington
Attn: A.J, Grossmann
Attn: Dr, M, Sparks
Attn: A, J, Morton
Attn: Dr, R, M, Ryder

Bendix Corp.

Research Labs. Division
Southfield (Detroit), Mich.
Attn: A,G, Peifer

Benson-Lehner Corp.
14761 California St.
Van Nuys, Calif,
Attn: George Ryan

Boeing Scientific Res, Labs,
P.0. Box 3981

Seattle 24, Wash,

Attn: Dr, E.J, Nalos

Bomac Laboratories, Inc.
Beverly, Mass.
Attn: Reserrch Library

Columbia Radiation Lab,
538 W, 120th St,
New York, N.Y.

Convair-San Diego
A Div, or Gen., Dynamics Corp,
San Diego 12, Calif,
Attn: Engr, Library
Mail Zone 6-157

Cook Research Labs,
6401 W, Oakton St,
Morton Grove, I11,

- [y

-

-

-

-

R

-

-

-~

- - -

-

Cornell Aeronautical lab,
4455 Gene St.

Buffalo ?, N.Y,

Attn: D,K, Plummer
Attn: Library

Eitel-McCullough, Inc,
301 Industrial Way

San Carlos, Calif,

Attn: Research Librarisn
Attn: W.R. Luebke

Electro-Optical Instruments, Inc,
125 N. Vinedo

Pasadena, Calif,

Attn: 1. Weiman

Fairchild Semiconductor Corp.
4001 Junipero Serra Blvd,
Palo Alto, Calif,

Attn: Dr., V.H. Grinich

General Electric Co,
Defense Electronics Div,, LMED
Cornell Univ,
Ithaca, N.Y.
Attn: Library
VIA: Conmander
Aeronautical Systems Div,
Wright-Patterson AFB, Ohio
Attn: ASRNC-5
Donald E. Lewis

General Electric TWT Product Sect.
601 Calif. Ave.

Palo Alto, Calif,

Attn: C,G, Lob

Attn: Tech, Library

General Electric Co.

Research Lab,

P.0. Box 1088

Schenectady, MY,

Attn: Dr. Philip M. Lewis

Attn: V,L. Newhouse
Applied Physics

General Electric Co.

Electronics Park-Bldg, 3

Room 143-1

Syracuse, N.Y,

Attn: Documents Librarian
(Yolanda Burke)

General Electric Co,

Schenectady 5, N.Y,

Attn: Library, IME Dept.
Bldg. 28-501

General Telephone and
Electronics Labs,, Inc,

Bayside 60, N.Y,

Attn: Louis R, Bloom

Gilfillan Brothers

1818 Venice Blvd,

Los Angeles, Calif.

Attn: Engineering Library

Goddard Space Flight Center
Code 611
Greenbelt, Md.

The Hallicrafters Co,
5th and Kostner Ave,
Chicago 24, I111.

Hewlett-Packard Co,
1501 Page Mill Rd,
Palo Alto, Calif,



-

-

-

-

-

-

=

-

- -

-

-

-

Hoffman Electronics Corp.
Semiconductor Div,

1001 Arden Dr.

El Monte, Calif,

Attn: PN, Russel, Tech, Dir,

Hughes Aircraft Co.

Florence at Teale St.

Culver City, Calif,

Attn: Tech, Library

Bldg. 6, Rm. C2048
Solid-State Group=M 107
Tech, Doc. Ctr,, Bldg. 8,

Mail Station E-110
B.J. Forman

Antenna Dept., Res, and

Dev, Labs,

Attn:
Attn:

Attn:

HRB Singer

Science Park

P.O, Box 80

State College, Pa,

Attn: Tech, Info, Center

Hughes Aircraft Co,

Bldg., 6, Mail Station E-150

Culver City, Calif,

Attn: A,S, Jerrems,
Aerospace Group

Hughes Aircraft Co,
Semiconductor Div,
P.O. Box 278

Newport Beach, Calif,
Attn: Library

Hughes Aircraft Co,

Bldg. 604, Mail Station C-213

Fullerton, Calif,

Attn: A, Eschner, Jr,
Ground Systems Group

Hughes Aircraft Co,

3011 Malibu Canyon Rd,
Malibu, Calif,

Attn: H.A, Iams, Res, Lab,

International Business Machines
Product Development Lab,
Poughkeepsie, N.Y,

Attn: E,N, Davis - (Dept. 362)

International Business Machines
Data Systems Div,

Box 390, Boardman Rd.
Poughkeepsie, N.Y.

Attn:  J.C. Logue

IBM Research Library
Box 218
Yorktown Heights, N.Y.

International Business Machines
San Jose, California
Attn: Majorie Griffin

ITT Federal Labs.

500 Washington Ave,

Nutley, N.J,

Attn: Librarian, Ellis Mount

Lab, for Electronics, Inc,
1079 Commonwealth Ave.
Boston 15, Masw,

Attn: Dr, H. Fuller
Attn: Library

LEL, Inc,

75 Akron St,

Copiague, L.I,, N,Y,
Attn: Robert S. Mautner

Lenkurt Electric Co,
San Carlos, Calif,
Attn: M.L. Waller, Librarian

-

Librascope, Div. of General
Precision, Ine.

808 Vestern Ave,

Glendale 1, Calif,

Attn: Engineering Library

-

Lockheed Missile and Space Co,
Dept, 67-33, Bldg., 324

P.O. Box 304

Sunnyvale, Calif,

Attn: G.W. Price

-

Lockheed Missile and Space Co.

Dept. 87-34, Bldg. 330

P.O. Box 504

Sunnyvale, Calif,

Attn: Dr, W,M, Harris, Dev't.
Planning Staff

-

Lockheed Missiles & Space Co,
Rm. 58-34, Bldg. 102

P.0. Box 504

Sunnyvale, Calif,

Attn: Stephent Paine

-

Lockheed Missile Systems Co.
Sunnyvale, Calif,
Attn: Tech, Info, Ctr, 50-14

-

Lockheed Misstle and Space Co,

Palo Alto, Calif,

Attn: M,E, Browne-Dept, 532-40
Bldg. 202

=

The Martin Co.

P.0O. Box 5837

Orlando, Florida

Attn: Engr, Library M.P, 30

-

Marquardt Aircraft Corp.

16588 Saticoy St,

P,0, Box 2013, -South Annex

Van Nuys, Califr,

Attn: Dr, Basun Chenge
Research Scientist

-

Mauchley Associates
50 E, Butler
1 Amplar, Pennsylvania

Melpar, Incorporated
Applied Science Div.
3000 Arlingion Blvd,
Falls Church, Va.
Attn: Librarian

-

Micro State Electronics Corp.
1 Attn: A.L. Kestenbaum
152 Floral Ave.
Murray Hill, N.J,

Microwave issoc,, Inc.
North West Industrial Park
Burlington, Mass.

Attn: Dr. Kenneth Mortenson
Attn: Librarian

-

Microwave Electronics Corp.
3165 Porter Drive

Palo Alto, Calif,

Attn: Stanley F, Kaisel
Attn: M. C, Long

-

Minneapolis-Honeywell Regulator
Company

Semiconductor Library

1177 Blue Heron Blvd,

Riviera Beach, Florida

The Mitre Corporation
Bedford, Mass.
1 Attn: Library

-

EE

[

-

-

.

-

-

Rl

e

-

Monsanto Chemical Co,

800 K, Lindbergh Blvd,

8t. Louis 66, Mo.

Attn: Edward Orban, Mgr,
Inorganic Developaent

Motorola, Semiconductor Prod. Div,
5005 B. McDowell Rd,

Phoenix, Ariz,

Attn: Dr. A, Lesk

Attn: Peter B, Myers

Motorols, Inec,
8330 Indiana Ave.
Riverside, Calif,
Attn: R,E, Freese
Tech. Info. Analyst

Nat'l Biomedical Inst,
8800 16th St,

Silver Spring, Md,
Attn: Dr. R,S. Ledley

Nortronics

Palos Verdes Research Park
6101 Crest Rd,

Palos Verdes Estates, Calif,
Attn: Technical Info, Agency

Pacific Semiconductors, Inc.
14520 S, Aviation Blvd.
Lawndale, Calif,

Attn: H.Q. North

Dr. Alex Mayer, Ass't Dir.
Applied Res, Lab,

Philco WDL

3875 Fabian Way

Pale Alto, Calif,

Philco Corp.

Tech. Rep, Div,

P.O, Box 4730

Philadelphis 34, Pa,

Attn: F.R, Sherman, Mgr, Editor
Philco Tech, Rep. Div,

BULLETIN

Philco Corp.

Lansdale Div.

Church Rd.

Lansdale, Pa,

Attn: John R, Gordon

Phileco Scientific Lab,

Blue Bell, Pa,

Attn: Dr, J,R, Feldmeier
Assoc. Dir. of Research

Attn: C.V. Bocciarelli

Attn: C.T. McCoy, Res. Advisor

Polarad Electrunics Corp.

43-20 Thirty-Fourth St,

Long Island City 1, N.Y.

Attn: A,H. Sonnenschein
Ass't to the President

RCA, Surf., Comm. Div.

Front and Market Streets

Bldg. 17-C-6

Camnden, N.J,

Attn: K.K, Miller, Mgr,
Minuteman Project Of,

RCA Labs.

Princeton, N.J.

Attnt Harwick Johnson
Attnt Dr, W.M, Webster

RCA

Bldg., 108-134
Moorestown, N.J.
Attn: H.J. Schrader

Solid State
-5 - 2/64



‘The Rand Corp.

1700 Main St.

Santa Monica, Calif,

Attn: Lib., Helen J, Waldron

Attn: Computer Science Dept.
Willis H. Ware

L

Raytheon Co,

Microwave and Power Tube Div.
Speucer Lab,

Burlington, Mass.

Attn: Librarian

-

Raytheon Manufacturing Co.
28 Seyon St.

Research Div,

Waltham, Mass.

Attn: Dr, Herman Statz
Attn: Librarian

-

Raytheon Corp.
Waltham, Mass.
Attn: Dr. H. Scharfman

[

Roger White Electron Devices,
Inc.

Tall Oaks Rd, Laurel Ledges

Stamford, Conn.

-

Space Technology Labs, Inc.
One Space Park
Redondo. Beach, Calif.
2 Attn: Tech. Library
Doc. Acquisitions

Space Tech. Labs., Inc,
Phyaical Research Lab.
P.0O. Box 95002

Los Angeles 45, Calif,
Attn: D, Fladlein

-

Sperry Gyroscope Company

Div, of Sperry Rand Corp.

Great Neck, N.Y,

Attn: Leonard Swern (M,S.3T105)

—

Sperry Microwave Electronics Co.
Clearwater, Florida
Attn: John E. Pippin,

Res. Section Head

-

Sperry Electron Tube Div.
Sperry Rand Corp.
Gainesville, Florida

[

Sylvania Electronic Defense Lab.
P.O0, Box 205
Mountain View, Calif,

"

Sylvania Electric Products, Inc.
500 Evelyn Ave,
1 Mt, View, Calif,

Sylvania Electronics System
Waltham Labs,

100 First Ave,

Waltham 54, Mass,

Atin: Librarian

Attn: Ernest E. Hollis

]

Technical Research Group
Syosset, Long Island, N.Y.

-

Solid State
-6- 2/64

-

-

-

-

-

-

-

-

-

e

-

Texas Instruments Incorporated
Apparatus Div.

P.0. Box 6015

Dallas 22, Texss

Attn: M,E, Chun

Texas Instruments, Inc.
Semiconductor-Components Div,
P.O. Box 5012

Dallas 22, Texas

Attn: Semiconductor Components
Library
Attn: Dr, Willis A, Adcock,

Mgr. Integrated Circuits
Components Div.

Texas Instruments Inc,
Corporate Res. and Engr.
Technical Reports Service
P,O. Box 5474

Dallas 22, Texas

Tektronix, Inec.

P.0. Box 500

Beaverton, Oregon

Attn: Dr, Jean F. Delord
Dir. of Research

Transitron Electronic Corp.

144 Addison St,

East Boston, Mass.

Attn: Dr, H.G, Rudenberg, Dir.
R and D

Varian Associates
611 Hansen Way

Palo Alto, Calif,
Attn: Tech. Library

Westinghouse Electric Corp.
Friendship Internat'l Airport
Box 746, Baltimore 3, Md,
Attn: G, Ross Kilgore, Mgr.
Applied Remearch Dept.
Baltimore Laboratory

¥estinghouse Electric Corp.
Beulsh Rd.

Pittsburgh 35, Pa.

Attn: Dr, G.C., Sziklai

Melbourne J. Hellstrom, Supv. Engr,
Westinghouse Electronics Corp.
Molecular Electronics Div.

Box 1838

Baltimore, Md, 21203

Westinghouse Electric Corp.
Research Laboratories

Beulah Rd,, Churchill Boro
Pittsburg 35, Pa,

Attn: J.G, Castle, Jr.-401-1BS
Attn: Solid State Dept.

Attn: R.E, Davis

Zenith Radio Corporation
6001 Dickens Ave.
Chicago 39, I11,

Attn: Joseph Maritin



FOREIGN RECIPENTS

Northern Electric Co., Ltd.
Res, and Dev't Labs.
##p 0, Box 3511, Station "C"
1 Ottawa, CANADA

University of Ottawa
Dept, of Electrical Engr.
#Ottaws 3, CANADA
1 Attn: G. S. Glinsky
Via: ASD, Foreign Releas~ of,
(Asyr)
Wright-Patterson AFB,
Ohio
Attn: J, Troyan

Dr, Sidney V. Sosnes
Research Dept.
Ferranti-Packard Elect. Ltd.
#*Industry St.
1 Toronto 15. Ontario, CANADA

Central Electronics Engr.

Research Institute
Pilani, Rajasthan, INDIA
Attn: Omp. Gandhi

%

Prof. Sanai Mito

Dept, of Applied Physics
Faculty of Engineering
Osaka City University

12 Nishi-Ogimachi, Kitaku
Osake, JAPAN

-k

Prof, Jose M. Borrego
Centro de Investigacion Y de
Estudios
Avezados Del Instituto Politeenico
Nacional
##Apartado Postal 26740
1 Mexico 14, D.E,

Prof. E.H. Rhoderick
*tManchester College of Science
and Tech.
1 Manchester 1, ENGLAND

Mr, Heikki Ihantols
*#Fiskars Electronics Lab,
1 Elimaenkatu 17, Helsinki,

FINLANL

Prof. Takuo Sugano
Faculty of Engineering
University of Tokyo
Bunkyo-ku, Tokyo
JAPAN

-

Dr, Niels I. Meyer
Physics Dept.
The Technical University
of Denmark
Lundtoftevej 100, Lyngby
1 DENMARK

Prof. G. Bruun

Royal Technical University
of Denmark

Ostervolgade 10, G,

Copenhagen K, DENMARK

-

Dr, Georges Alon

E.N.8. Laborstoire des
Hautes Energies

Orsay/Seine et Oise

B.P, No. 2, FRANCE

-

Dr, P. A. Tove
Fysiska Institutionen
Uppsala University
Uppsala, SWEDEN

-

Prof, W. E., Dahlke
Telefunken, GmbH
Soflinger Strasse 100
Postfach 627
Uln/Donau

1 GERMANY

Dr. G. B, B, Chaplin
The Plessey Company
(u.x.) Ltd.
Caswell, Towcester
Northants, ENGLAND

-

Dr. D, H. Roberts
The Plessey Company
(u.K.) Lta,
Caswell, Towcester
Northants, ENGLAND

-

Royal Radar Establishment
Physics Dept.

St, Andrews Rd.

Great Malve:n, Worcs.
ENGLAND

Attn: Dr. P. N, Butcher

-

National Physical Lab,
Teddington, Middlesex
ENGLAND

Attn: Dr, A, M, Uttley

-

Swiss Federal Institute of
Technology

Gloriastrasse 35

Zurich, SWITZERLAND

Attn: Prof. N.J.O, Strutt

-

Prof, A, Bebock
University of Louvain
Institute of Physique
61 Rue de Namur
Louvain, Belgium

Dr. Maurice Bernard

Dept. POM

CNET

Issy-Les-Moulinesux

Seine, FRANCE

Attn: Solid-State and Electron
Devices

-

Prof. Karl Steinbuch
Institute fiir Nachrichtenver-
arbeitung und
Nachrichtenubertragung
Technische Hochschule Karlsruhe
1 Karlsruhe, GERMANY

# ONR 44 Reports ONLY
#% AF 26 Reports ONLY
VIA: ASD, Foreign Release
Office (ASYF)
Wright-Patterson AFB
Ohio
Attn: J. Troyan

Solid State

- 7=

2/64



